The Griesmer bound [Ill, [30] provides an important lower bound on n, (k,d) For given q and k this bound is attained for all sufficiently large values of d [15] , [7] , [17] .
The values of n q ( k , d ) are completely determined (i.e., for all d) only for small values of q and k .
For binary codes, n 2 ( k , d) is known for k 5 7 [31] . For ternary codes the results of [20] , [9] , [161, [21, [231, [%I for k 5 4 are determined in [I] , [lo] , [19] , [24] , [26] . The values of n s ( k , d ) are known for k 5 3 for all d [17] .
In this correspondence we study optimal linear codes of dimension 4 over Fs. We solve the problem of finding n5 (4, d) for all but 22 values of d. In Sections I1 and I11 we give lower bounds on 125 (4, d ) which improve the Griesmer bound, i.e., the nonexistence of some four-dimensional codes over F5. In Section IV we give upper bounds on n5(4, d), i.e., the existence results. Some necessary prelimmanes and known results are given in each of these sections as well. Combining all known results we produce the table on 125 (4, d ) which is given in the Appendix. A computer search shbwed that none of the six [16, 3, 12 ; Fjl-codes can be enlarged to a [17,4, Proof: I), 2): See [19] or 3-plane is a t-line. Then
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2) moreover, if 71 < q + 1 and t 2 1, then 1 + j 2 n -q3 + Proof: Let 1 be the intersection of an i-plane and a j-plane.
Assume that 1 is a t h e . 1) Considering the planes through 1, we have
2) Let P be a point of on 1. Since every line through P meets 
We denote by a, the number of i-planes in PG(3,q). Simple
Lemma 3.4:
counting arguments yield the following equalities.
i(i -l)a, = n(n -l ) ( q + 1).
2=2
Lemma 3.5: If y1 < y + 1, then r-planes with 8 2 1 satisfy F'roofi Let n be an 2-plane with z 2 l a n d let P be a point of i 2 n -q3 + y2.
-C on T . Since every line through P meets C", we have Suppose a0 > 0. We have an = 1 and al = 0 by Lemma 3.3 1).
Suppose a 6 > 0 and let 71 be a 6-plane. Let 1 be a line on T , Then 1 has at most two points of E. We denote by cz the number of i-planes Let T I , ~2 , 7 1 3 be three distinct 11-planes Clearly, the intersection of these three planes must be a point, say Q. Let 1 be the intersection of 711 and 1r2 By Lemma 3 3 2) I is a 0-line. Let 1, (respectively, I:), a = 1,. . . ,5, be the lines through CJ on 711 (respectively, ~2 ) besides 1. Since c n xl is an (11,3)-arc, = 1,2, w 1 o g we may assume that I , and 1: are 3-lines for a = 1 , 2 , 3 and that 14 and 1; are 2-lines. Note that n3 = (25,Z;) Pro03 Let GI be a generator matrix of a [26, 4, 20, 5] -code with first row of weight 25 (see Lemma 4 .3 1)) Let Gz be a generator matrix of a [6, The rest of the codes can be constructed by a concatenation of two [125,4,100;5] [ 156,4,125;5] [156. 4 
